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Abstract: We present a quantitative analysis of the performance of conventional ab initio and 

density functional theory (DFT) methods. The important NaCl diatomic is chosen as testing 

ground. The analysis relies on metric considerations and pattern recognition techniques. Taking 

into account a collection of ab initio methods A = {SCF, MP2, CCSD} and DFT = {B3LYP, 

B3PW91, mPW1PW91, mPW1PBE, PBEPW91, BHandH, BHandHLYP, HCTC}, we find that 

the DFT method most close to CCSD is BHandHLYP. The DFT method closest to the collection 

of ab initio methods is BHandHLYP. 
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Introduction
Density functional theory (DFT) based approaches offer an attractively economical 

(DFT) based alternative to the computationally more demanding conventional ab ini-

tio quantum chemical methods.1 The choice of a suitable DFT method is a matter of 

some importance and has been closely examined in authoritative reviews.2 Numerous 

systematic studies on the performance of DFT methods have been reported in recent 

years.3–5 The relative merit of ab initio and DFT methods is not fully documented for 

many classes of molecular properties.

In previous work, we presented a theoretical method for the quantitative analysis of 

the performance of computational quantum methods. It is based on generalized metrics 

and pattern-recognition techniques.6 It has been applied to the rigorous analysis of the 

computational results obtained for the molecular properties of various systems.7–10 This 

method allows the introduction of order and classification in a space of theoretical 

descriptions of molecular systems. A theoretical description, associated with a well-

defined quantum chemical method, is a collection of calculated values for an arbitrary 

set of molecular properties.

The properties of alkali halide clusters, and sodium chloride in particular, have 

attracted considerable attention in recent years. We mention only a selection of 

important papers here. Johnson et al11 and Ching et al12 reported linear and nonlin-

ear  susceptibilities of NaCl crystals relying on the local density approximation. The 

polarizability of the dimer (NaCl)
2
 has been measured via molecular beam electric 

deflection by Guella et al.13 An analysis of the dipole polarizability of (NaCl)
2
 was 

reported by Chauhan et al.14 Weis et al15 reported calculations of the dipole moments 

and polarizabilities of small stoichiometric (NaCl)
n
 and nonstoichiometric Na

n
Cl

n–1
 

n # 4 clusters.
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Our calculations in this paper pertain to NaCl. The proper-

ties of interest in this work are the electric multipole moments 

dipole (µ), quadrupole (Θ), octopole (Ω), hexadecapole 

(Φ),dipole polarizability (α), and first dipole hyperpolariz-

ability (β). We are not aware of previous ab initio or DFT 

results for the higher electric moments of NaCl.

Theory
Our approach to the calculation of electric properties has been 

presented in sufficient detail in previous work.16–20 We give 

only a few essentials here. The energy (Ep) of an uncharged 

molecule interacting with a weak, static electric field can be 

written as an expansion:21,22

Ep ≡ Ep(Fα, Fαβ, Fαβγ, Fαβγδ, ...)  

= E0 - µαFα - (1/3)ΘαβFαβ- (1/15)ΩαβγFαβγ  

- (1/105)ΦαβγδFαβγδ + ...  

- (1/2)ααβFαFβ - (1/3)Aα,βγ FαFβγ - (1/6)Cαβ,γδ Fαβ Fγδ  

- (1/15)Eα,βγδFαFβγδ + ... - (1/6)βαβγFαFβFγ  

- (1/6)Bαβ,γδFαFβFγδ + ... - (1/24)γαβγδFαFβFγFδ + ... (1)

where Fα, Fαβ, Fαβγ, etc, are the field, field gradient, etc at the 

origin of the molecule. The terms in bold are the permanent 

properties of the system: energy (E0), multipole moments (µα, 

Θαβ, Ωαβγ, Φαβγδ), polarizabilities (ααβ, Aα,βγ, Cαβ,γδ, Eα,βγδ), and 

hyperpolarizabilities (βαβγ, Bαβ,γδ, γαβγδ). The subscripts denote 

Cartesian components. A repeated subscript implies summa-

tion over x, y, and z. The number of independent components 

needed to specify the above tensors is strictly regulated by 

symmetry.23 The properties of interest in this work are the 

multipole moments, dipole (µα), quadrupole (Θαβ), octopole 

(Ωαβγ) and hexadecapole (Φαβγδ), the dipole polarizability 

(ααβ), and the first dipole hyperpolarizability (βαβγ). There is 

only one independent component for any electric moment 

tensor. With z as the molecular axis, we specify the electric 

moments by µ ≡ µ
z
, Θ ≡ Θ

zz
, Ω ≡ Ω

zzz
, and Φ ≡ Φ

zzzz
. The 

independent components for the polarizability ααβ are α
zz

 and 

α
xx

 and for the hyperpolarizability β
zzz

, β
zxx

. In addition to 

the above defined Cartesian components, we also calculate 

the following invariants:

 α = ( )/α + αzz xx2 3

	 ∆α = α
zz

 - α
xx

 β = ( / ) ( )3 5 β + βzzz zxx2

	 ∆β = β
zzz

 - 3β
zxx

 (2)

We have used both ab initio and DFT methods in this 

work. The ab initio methods are self-consistent-field (SCF), 

second-order Møller-Plesset perturbation theory (MP2), and 

singles and doubles coupled cluster (CCSD). Comprehensive 

presentations of these methods can be found in standard 

high-level textbooks.24–26 The DFT methods are B3LYP, 

B3PW9, mPW1PW91, mPW1PBE, PBEPW91, BHandH, 

BHandHLYP, and HCTH. A full documentation of these 

methods accompanies their implementation in the Gaussian 

03 set of programs.27

Proximity, similarity, and order  
in spaces of theoretical descriptions
A comprehensive presentation of our methodology is fully 

presented in a recent paper.28 Only a few essential points are 

outlined here.

Let TD
i
 be a collection of properties Q

mα. The index m 

denotes methods and the index α denotes properties. The two 

indices take values in the index sets Iα and I
m
:

 TD
i
 = (Q

mα, m ∈ I
m
, α ∈ Iα) (3)

The space of all theoretical descriptions TD
i
 is denoted 

TD,

 TD = (TD
1
, TD

2
, …, TD

N
 ) where i = 1, 2, …, N (4)

A generalized distance in the space of all TD is defined 

by using the Minkowski metric. Thus, the distance between 

two theoretical descriptions TD
i
 and TD

j
 is defined as:

D D TD TD

Q Q

Q Q

ij i j

i j
p

ij
i j

p

≡

=
−

−( )
















∑

( , )

| |

max | |

/

α α

α α
α

1 pp

p, ≥ ≤ ≤1, 1 ij N

 

(5)

In most applications, we have used the Euclidean metric, 

ie, p = 2.

Similarity between the two theoretical descriptions TD
i
 and 

TD
j
 is then defined on the basis of distance/proximity as:

 S
D

Dij
ij

ij
ij

= − ≤ ≤1
max

, 1 i, j N

 

(6)

By definition, 0 1≤ ≤Sij .

A connection with basic graph theory29 is established as 

follows. A graph G is a finite nonempty set of objects called 

vertices together with a set of unordered pairs of vertices 

called edges. The vertex set of G is denoted V(G) and the 

edge set E(G). The cardinality p of V(G) is called the order of 
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G and the cardinality q of E(G) the size of G. Let us consider 

the Cartesian product TD × TD. The graph of theoretical 

descriptions G
TD

 has as vertex set V(G
TD

) the set of theoreti-

cal descriptions TD
i
. The edge set E(G

TD
) is a subset of the 

Cartesian product defined above, E(G
TD

) ⊂ TD × TD.

We assign to each edge of G
TD

 a real, positive number, a 

weight. Consider the edge defined by TD
i
 and TD

j
. We assign 

to the edge (TD
i
, TD

j
) the distance D D TD TDij i j≡ ( , ). G

TD
 

is now a weighted graph.

The diameter Diam G
TD

 of the graph of TD is defined as:

Diam G D D TD TDTD i j V G ij TD TD V G i jTD i j TD
= ≡∈ ∈max max ( , ), ( ) , ( )

 

(7)

The similarity of TD
i
 to TD

j
 can now be written as:

S S TD TD
D TD TD

Diam G
TD TD V Gij i j

i j

TD
i j TD≡ = − ∈( , )

( , )
, , ( )1 

(8)

The distance of a fixed vertex u from a subset of the vertex 

set S ⊆ V(G
TD

) is defined as:

 D u D u xx S( , ) min { ( , )}S = ∈
 

(9)

A point of major importance to our methodology is the 

definition of a minimum spanning tree (MST). A spanning 

subgraph H of a graph G has vertex and edge sets V(H) ⊆ 

V(G) and E(H) ⊆ E(G) and is of the same order as G. A graph 

G of order p and size q is a tree if and only if it is acyclic and 

p = q + 1. The weight of a spanning tree in a connected graph 

is the sum of the weights of its edges. Thus an MST of G is a 

spanning tree of G of minimum weight. Suitable algorithms 

are available for the construction of an MST.30 On the basis 

of the MST, we further perform a single-linkage cluster 

analysis by removing all edges from the MST characterized 

by weights above a given threshold D
T
.

This analysis creates a partition of the MST in distinct 

clusters: C
1
, C

2
, …, C

K
. The union of all clusters is the ver-

tex set of the G
TD

 graph: V(G
TD

) = ∪Ci
i K1≤ ≤

. Last, we define the 

nearest-neighbor distance between clusters C
m
 and C

n
 as:

 D C C D TD TDnn m n
TD C TD C

i j
i m j n

( , ) min ( , )
,

=
∈ ∈

 (10)

Computational details
All calculations in this work were performed with the large 

aug-cc-pvtz basis set,31 as implemented in  Gaussian 03. For 

NaCl, this basis set in contracted form is of [6s5p3d2f] type 

and consists of 100 contracted Gaussian-type functions.

All calculations were carried out at the experimental equi-

librium bond length32 of R
e
 = 2.360795 Å. The molecule is 

placed on the z-axis with the Cl center on its positive part and 

the center on mass on the origin (0, 0, 0). The position of the 

atomic centers on the z-axis is defined by (0, 0, -1.4243660256) 

for Na and (0, 0, 0.9364289744) for Cl.

In the MP2 and CCSD calculations, the ten innermost 

MO were kept frozen. All calculations were performed with 

Gaussian 03.

Unless otherwise specified, atomic units are used through-

out this paper. Conversion factors to SI units are: energy, 

1 E
h
 = 4.3597482 × 10-18 J; length, 1 a

0
 = 0.529177249 × 10-10 m; 

µ, 1 ea
0
 = 8.478358 × 10-30 cm; Θ, 1 ea

0
2 = 4.486554 × 10-40 cm2;  

Ω, 1 ea
0
3 = 2.374182 × 10-50 cm3; Φ, 1 ea

0
4 = 1.256363 × 

10-60 cm4; α, 1 e2a
0

2E
h

-1 = 1.648778 × 10-41 c2 m2 J-1; and β, 

1 e3a
0
3E

h
-2 = 3.206361 × 10-53 c3 m3 J-2. We give property 

values as pure numbers in most cases, ie, µ/ea
0
, Θ/ea

0
2, Ω/ea

0
3, 

Φ/ea
0
4, α/e2a

0
2E

h
-1, β/e3a

0
3E

h
-2.

Results and discussion
The calculated dipole moments are shown in Table 1. 

Cartesian components and invariants of the dipole polar-

izability and first dipole hyperpolarizability are given in 

Tables 2 and 3, respectively. Last, in Table 4, we show the 

calculated similarities of the theoretical predictions obtained 

with the employed ab initio and DFT methods.

Electric moments
Our best values for the electric moments of NaCl are cal-

culated at the CCSD level of theory and are: µ = -3.6212, 

Θ = 6.2549, Ω = -20.30, and Φ = 50.33. A comparison of 

the SCF values to those calculated at the MP2 and CCSD 

Table 1 Electric multipole momentsa for naCl at the 
experimental bond lengthb

Method µ Θ Ω Φ

sCF -3.6710 6.1495 -20.42 50.03
MP2 -3.6106 6.2727 -20.28 50.47
CCSD -3.6212 6.2549 -20.30 50.33
B3LYP -3.4546 6.1996 -19.57 51.17
B3PW91 -3.5094 6.2544 -19.85 51.22
mPW1PW91 -3.5069 6.2313 -19.78 51.31
mPW1PBE -3.5067 6.2325 -19.77 51.31
PBEPW91 -3.3779 6.2150 -19.21 51.39
Bhandh -3.5248 6.2497 -19.99 51.44
BhandhLYP -3.5474 6.1871 -20.00 50.88
hCTh -3.3805 6.0704 -19.19 50.60

Notes: Reference CCsD results in bold. aThe higher electric moments (Θ, Ω, Φ) 
are relative to the center of mass; bz is the molecular axis with the Cl center on its 
positive part.
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Table 2 Electric dipole polarizability for naCl at the experimental 
bond length

Method αxx αzz α- Δα

sCF 25.3739 27.9681 26.2386 2.5942
MP2 28.1391 31.8871 29.3884 3.7480
CCSD 27.5948 30.9681 28.7192 3.3734
B3LYP 30.1506 40.1523 33.4845 10.0016
B3PW91 29.4038 36.5840 31.7972 7.1802
mPW1PW91 29.0125 36.0368 31.3539 7.0244
mPW1PBE 29.0216 36.0315 31.3583 7.0098
PBEPW91 32.1907 45.2993 36.5602 13.1085
Bhandh 27.5908 33.7320 29.6378 6.1412
BhandhLYP 27.4395 33.6765 29.5185 6.2370
hCTh 31.8058 50.5204 38.0440 18.7146

Note: Reference CCsD results in bold.

Table 3 Electric dipole hyperpolarizability for naCl at the 
experimental bond length

Method βzxx βzzz β
-

Δβ

sCF -93.25 -259.51 -267.60 20.22
MP2 -142.80 -427.21 -427.68 1.17
CCSD -132.28 -381.48 -387.62 15.35
B3 LYP -208.15 -1015.76 -859.23 -391.33
B3PW91 -186.33 -760.47 -679.88 -201.48
mPW1PW91 -168.95 -676.46 -608.62 -169.62
mPW1PBE -169.06 -676.22 -608.60 -169.04
PBEPW91 -267.20 -1386.44 -1152.51 -584.83
Bhandh -140.80 -558.70 -504.19 -136.28
BhandhLYP -140.94 -580.42 -517.39 -157.59
hCTh -310.69 -2322.94 -1766.59 -1390.88

Note: Reference CCsD results in bold.

levels reveals a relatively small electron correlation effect. 

The CCSD value of |µ| is only 1.36% lower than the SCF 

value of -3.6710. For the quadrupole moment, the SCF value 

is 6.1495. The CCSD result is just 1.71% above the SCF one. 

Small correlation effects are also observed for the octopole 

and hexadecapole moments. Finally, the MP2 values are 

quite close to the reference CCSD ones.

The calculated DFT values are convincingly close to 

presumably the most accurate CCSD results. For the dipole 

moment, the PBEPW91 method is the most distant from 

CCSD. It yields -3.3779, a value lower (in absolute terms) 

than the CCSD by 6.72%. For the quadrupole moment, the 

most distant from CCSD is the HCTH method. It yields 

6.0704, just 2.89% less than the CCSD results.

Polarizability
The ab initio values for the polarizability show that electron 

correlation has a positive effect on the Cartesian components. 
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Our CCSD values are α
xx

 = 27.5948 and α
zz

 = 30.9681. 

These values are 8.75% and 10.73% higher, respectively, 

than the SCF values. The mean and the anisotropy at the 

CCSD level are α  = 28.7192 and ∆α = 3.3734.

Substantial discrepancies are observed between the ab 

initio and DFT results. In Figure 1, we show the DFT-method 

dependence of the Cartesian components of NaCl. The refer-

ence CCSD values are also shown. The PBEPW91 and HCTH 

methods are far from the CCSD. The two methods, BHandH 

and BHandHLYP, yield values that are closest to the ab initio 

values. The mean values calculated for the DFT methods are 

always above the ab initio. Most important, for the anisotropy, 

the DFT values are in some cases in net disagreement with 

the ab initio ones.

hyperpolarizability
The SCF values of the hyperpolarizability are β

zxx
 = -93.25 

and β
zzz

 = -259.51. Electron correlation has a very strong 

effect on these components. The CCSD values are sig-

nif icantly larger in magnitude at β
zxx

 = -132.28 and 

β
zzz

 = -381.48, or 41.9% and 47.0%, respectively. Strong 

method dependence is observed for the DFT results. 

The effect is especially pronounced for the longitudinal 

 component. For β
zzz

 the B3LYP, PBEPW91, and HCTH meth-

ods yield very large values. A very eloquent picture of this 

method dependence is shown in Figure 2. We note again the 

good performance of the BHandH and BHandHLYP meth-

ods for both Cartesian components. The extreme  variation 

of the hyperpolarizability results is easily brought forth by 

a comparison of the DFT hyperpolarizability invariants to 

the reference CCSD values of β
-

	= -387.62 and ∆β = 15.35. 

In comparison, the HCTH values are considerably larger at 

β
-	

= -1766.59 and ∆β = -1390.88.

Comparison with experiment  
and previous theoretical work
A model study of the dipole moment (and other prop-

erties) of NaCl can be found in the early work of 

 Matcha.33 We focus on more recent results. Bacskay and 

 Buckingham34 calculated the dipole moment of NaCl using 

a (8s6p3d/9s7p4d) basis set. Their SCF and CCSD values 

were 3.6355 and 3.5457, respectively, in good agreement 

with ours. In his thorough theoretical investigation of 

the electric properties of alkali halides, Pluta35 reported 

SCF, MP2, CCSD and CCSD(T) values for the dipole 

moment and (hyper)polarizability. His CCSD/HyPol 

values are (SCF results in parentheses) µ = 3.549 (3.642), 

α
xx

 = 28.88 (25.85), α
zz

 = 33.21 (28.45), β
zxx

 = -114 (-73) 

and β
zzz

 = -412 (-224). Our results are in essential agree-

ment with Pluta’s findings.

We are not aware of available experimental data for elec-

tric properties of NaCl other than the dipole. The equilibrium 

value of this property has been measured by the molecular 

beam electric resonance method by Hebert et al.36 Its value 

is relatively large |µ
e
(NaCl)| = 3.53 to be compared to that 

of the isoelectronic SiS molecule, |µ
e
(SiS)| = 0.6099.37 
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Our CCSD result, µ
e
 = -3.6212, is reasonably close to the 

experimental value.

Metrics and pattern recognition
Our calculation of the proximity/similarity of the perfor-

mance of the theoretical methods employed in this work 

take into account the electric moments and the Cartesian 

components of the (hyper)polarizability. Thus, the theoretical 

descriptions are defined by collections of numbers:

 (µ, Θ, Ω, Φ, α
xx

, α
zz

, β
zxx

, β
zzz

)

Thus, our metric considerations pertain to points in an 

8-D space. The calculated similarity quantities are given in 

Table 4. In addition, we use a chromatic code in order to clas-

sify similarities in the region 0.7  S(i,j)  1.0. In Figure 3, 

we show a histogram of the similarities of all methods to 

presumably the most accurate one employed in this work. It 

is obvious that the performance of the MP2 method is quite 

close to that of the CCSD one, as attested by the high value 

of the similarity:

 S(MP2, CCSD) = 0.93033

With the notable exception of PBEPW91 and HCTH, all 

other DFT methods are quite similar to ab initio. The DFT 

method most close to the latter is BHandHLYP. It is quite 

remarkable that this method is very similar to most of the 

DFT of interest in this paper. This is easily brought forth by 

the pertinent entries in Table 4. Other interesting remarks 

concern the high similarity of the following pairs of DFT 

methods:

 S(mPW1PW91, mPW1PBE) = 0.99590

 S(B3PW91, mPW1PBE) = 0.92829

 S(mPW1PW91, B3PW91) = 0.92770

The performances of mPW1PW91 and mPW1PBE are 

virtually indistinguishable.

In Figure 4, we show the MST and the subsequent cluster-

ing by using two threshold distances, D
T
 = 0.5 and 0.3. The 

first clustering (D
T
 = 0.5) leads to the following partitioning 

of the TD space:

TD =  {SCF}∪{MP2,CCSD}∪{B3LYP,B3PW91, 

mPW1PW91, mPW1PBE, BHandH} 

∪{PBEPW91}∪{BHandHLYP}∪{HCTH}

Reducing the threshold distance to 0.3, the large cluster 

decomposes further to:

(B3LYP, B3PW91, mPW1PW91, mPW1PBE, BHandH)  

  =  (B3LYP)∪(B3PW91, mPW1PW91, mPW1PBE) 

∪(BHandH)

This shows that MP2, CCSD, and DFT B3PW91, 

mPW1PW91, and mPW1PBE display very similar perfor-

mances compared to the other ab initio and DFT methods.

Last, in Figure 5, we show the variation of the distance 

D(k,A), where:

k ∈ (B3LYP, B3PW91, mPW1PW91, mPW1PBE, 

PBEPW91, BHandH, BHandHLYP, HCTH) and A = (SCF, 

MP2, CCSD). The graph in this figure shows the variation 

of the distance of the DFT methods from the subset of ab 

initio ones. The conclusions drawn thereof are summarized 

as follows:

1. The most dissimilar DFT methods, as compared to the 

ab initio in set A, are, in increasing distance, B3LYP, 

PBEPW91 and HCTH.

2. Methods B3PW91, mPW1PW91 and mPW1PBE are very 

close to ab initio.

3. The closest to the ab initio methods.

Succinctly,

 D(HCTH, A) > D k A D BHandHLYP A
k DFT
( , ) ( , )
∈

>
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Figure 3 histogram of the similarity of the ab initio and DFT methods to the 
reference CCsD description.
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Figure 4 Minimum spanning tree (MsT) and subsequent clustering of the space of theoretical descriptions.
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Figure 5 DFT method (k) dependence of the distance d(k,A) where 
A =  (sCF, MP2, CCsD). The minimum occurs for the BhandLYP method, 
minkd(k,A)=d(BhandLYP,A).

where:

DFT = (B3LYP, B3PW91, mPW1PW91, mPW1PBE, 

PBEPW91, BHandH, BHandHLYP, HCTH).

Conclusion
We have presented a quantitative analysis of the performance 

of ab initio and DFT methods over the electric properties 

of the important NaCl diatomic molecule. Our approach 

brings forth fundamental characteristics of the DFT methods, 

not easily obtainable in a conventional presentation. The 

DFT method most similar to presumably the most accurate 

CCSD one is BHandHLYP. A quantification of the similar-

ity of the individual DFT methods to the subset (SCF, MP2, 

CCSD) shows that most similar is BHandHLYP followed 

by BHandH. The most distant or least similar DFT method 

is HCTH:

 D(HCTH, A) > D k A D BHandHLYP A
k DFT
( , ) ( , )
∈

>
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where:

A = (SCF, MP2, CCSD)

DFT = (B3LYP, B3PW91, mPW1PW91, mPW1PBE, 

PBEPW91, BHandH, BHandHLYP, HCTH).
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