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Introduction: Epidemiological modelling of infectious diseases plays an important role in driving public health policy. Commonly 
used models are described, including those based on exponential growth (Laplace and related distributions); susceptible-infected- 
removed; the Gompertz distribution; and the skew-reflected-Gompertz distribution. These are all sensitive to the timing of peak 
infection. The development of a novel method for forecasting the number of deaths occurring during epidemics of infectious diseases 
is described.
Methods: The mathematical development of the authors’ novel asymmetric difference model is detailed in this paper. Its predictions 
for mortality rates associated with the COVID-19 pandemic for 14 countries were compared with the corresponding published 
mortality data.
Results: Forecasts by the asymmetric difference model of deaths from SARS-CoV-2 in different countries, actual recorded 
deaths to 30th June 2020, and corresponding errors included UK (42,700; 55,904; −24%); Poland (1490; 1444; +3%); 
Denmark (580; 605; −4%); Netherlands (6510; 6189; +5%); France (34,280; 29,836; +15%); Canada (1500; 8591; −78%); 
USA (44,540; 124,734; −64%); and Italy (22,020; 34,980; −37%). The model output was dependent upon forecast date 
accuracy for the peak of the disease outbreak. For Spain, the forecast date was one day early and for 10 (71%) countries the 
forecast peak occurred within seven days (inclusive) of the actual date.
Discussion: Mortality prediction by the asymmetric difference model is relatively accurate. Furthermore, this new model does not 
appear to be as unduly sensitive to the timing of peak infection as other models. Indeed, its prediction of peak infection also appears to 
be relatively accurate.
Keywords: COVID-19, coronavirus, infectious disease modelling, SARS-CoV-2, epidemic forecasting, pandemic forecasting

Introduction
Epidemiological modelling of infectious diseases and its use to influence public health policy have been carried out for 
many years. Probably the earliest published data were by Bernoulli in 1776 who studied the mortality rate in smallpox 
epidemics.1 Since then, various mathematical models have been developed for infectious diseases.

For many years, exponential growth models have been used to forecast infection and mortality rates of various 
diseases. These frequently have given very inaccurate estimates.

Other models to describe disease outbreaks include the use of the Gompertz distribution which more closely matches 
the S-shaped characteristic of growth of cases and levelling off seen with infectious diseases. Issues and limitations of 
these methods are discussed in this paper. However, all models are sensitive to the timing of the peak of infections. Even 
errors of just a few days in forecasting the disease peak can have a major impact, especially with exponential models. The 
two models developed and described here are able accurately to forecast the peak date of infection cases and deaths, 
based only on data published early in the outbreak. The basic model assumes a symmetrical growth and decline in cases/ 
deaths. Historical data for influenza-like illness (ILI) deaths show that frequently an outbreak of viral infections is 
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characterised by a rapid increase in cases and a slower decline. To describe this distribution accurately the “asymmetric 
difference model” was developed by the authors and used to forecast infections and mortality rates for SARS-CoV-2 
infections for a group of countries. Tables comparing the forecasts and reported data, including the corresponding 
accuracies, are shown.

Common Infectious Disease Models
Exponential Growth Model (Laplace and Related Distributions)
Continuous growth never occurs in the case of infectious diseases. For various reasons, the rate of infection declines, 
including because of natural immunity. There is little published information on the exact models used recently by some 
epidemiologists for COVID-19. However, the Laplace double exponential distribution gives exponential growth to a peak 
and then exponential decline.

The distribution is described by:

where f(x) is dependent on parameter μ, related to the peak of events, and b is a scale parameter.
A major issue with exponential models is the need to enter the time of the peak in infections. An example is shown in 

Figure 1, in which estimates of infections are calculated with different peak dates. Infections with peaks at 40 days, 45 
days and 50 days show total infections rising from 140,000 to 620,000 and then to 2.7 million. This represents a range of 
more than one order of magnitude; when doubling of cases occurs every day the totals can increase to impossibly high 
levels.

SIR (Susceptible-Infected-Removed) and Related Models
In 1927, Kermack and McKendrick developed a mathematical model for infectious diseases based on the number of 
people infected, the recovery and death rates.2 This model where populations are assigned to different “compartments” 
has been extended to different and additional segregation including SIS (Susceptible Immune Susceptible) and SIRD 

Figure 1 Example of exponential growth with various days to peak.
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(Susceptible Infectious Recovered Deceased). Recently, the method has been used to describe the COVID-19 outbreak in 
South Korea.3 The rate of transmission from person to person is highly heterogeneous, with population density, 
behaviour, mitigation practices, and seasonality having large impacts on the model outputs. The substantial number of 
potential variables, many of which are unknown at the start of a disease outbreak, and the fact that Rt/R0 infection rates 
are estimates and cannot be measured directly in large samples can lead to inaccurate estimates for the number of cases 
and deaths.

Gompertz Distribution Models
The S-shaped curve of the Gompertz distribution more accurately describes infectious disease outbreaks than the 
exponential model. The equation is:

where f(t) is the distribution, a is the upper asymptote, b is a growth rate, c defines the point of inflection and t is time.
A major input to the model is the parameter a, which for infectious diseases is the total number of cases or 

deaths. The model is very sensitive to the growth rate and does not forecast the inflection point, requiring 
estimates for these two parameters. A priori iterative solutions to the equation can have wide error margins. This 
can be seen in Figure 2, in which the distribution is used with UK COVID-19 data. Various estimates were used 

Figure 2 Examples of forecasts based on 20-day input data after 50 deaths.
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to give close correlation of the model to actual data in the early stage of the disease outbreak; however, there is 
wide variation in the estimates.

Lee et al used data published between 22 Jan 2020 and 9 April 2020 for 50 countries and developed a Bayesian 
hierarchical model using Gompertz distributions, with integration of the global data to estimate COVID-19 infections. 
The authors stated that combining data from various counties gave a more accurate model for the global infection rate 
than for individual countries.4

Skew-Reflected-Gompertz Distribution
This model is applicable to infectious disease outbreaks in which there is a difference between the growth and decline 
phases. Again, when solving for total cases, it is very sensitive to the primary input parameters, with the addition of 
estimates for variables needed to describe the decline in infections and deaths. The equation is:

where σ and η are scale and shape parameters.5,6

The authors are not aware of infectious disease studies that use the asymmetric Gompertz model.

Novel Model
The Novel Difference Model
This model was developed by the authors in 2020 during an investigation of COVID-19 cases and deaths for various 
countries. After using exponential and Gompertz distributions to generate models, it became clear that a critical 
requirement for any model would be an accurate determination of the date of peak infections. In all infectious 
diseases, there is a peak level of infection, and the difference model is based on forecasting the date for peak 
infections prior to its occurrence. During the early stages of the COVID-19 outbreaks, there were several databases 
published for cases and deaths. The UK Office for National Statistics (ONS) recorded deaths attributed to SARS- 
CoV-2 with data reported by hospitals, care homes, primary care trusts and others.7 Data from this web site was 
downloaded on the 31st July 2020. The UK COVID-19 data from the first death and for the next 30 days are shown 
in Table 1.

The data indicate continued growth of both daily cases and total cases. Also shown is the rate of change of daily 
deaths. When this day-to-day change of deaths is plotted it can be seen that at some point the distribution crosses the 
abscissa, such that a declining but positive daily change becomes negative. This occurs when the change in daily cases 
moves from growth phase to decline phase and occurs on the peak date of the outbreak, which is the most critical, but 
unknown, parameter.

Owing to the low number of cases at the start of this outbreak, the rate of change data are typically unstable up to day 
10. Initially, an arbitrary date for the model was chosen when total deaths exceeded fifty. Subsequent modelling with 
different start points helped quantify error rates. A plot of the data from day 13, when total deaths first exceeded 50, and 
for the next 20 days, is shown in Figure 3.

The linear equation describing the trend has slope −0.0125 and intersects the abscissa at 40.1 days. Hence, the 
peak day for the number of deaths is 40.1 days from the first death, in this case the 12th April 2020. The linear 
equation is:

where n = number of deaths; x = day number; m = gradient of linear function; and b = the intercept with the ordinate 
when y = 0

The inflection point where growth of deaths peak occurs at:
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The actual peak day is derived from the date that the 7-day moving average of reported deaths is a maximum. The 
comparison of forecast to actual date is shown in Table 2.

The estimated deaths for day x is:

Table 1 UK COVID-19 Deaths. Johns Hopkins University (Worldometer) Data

Date Day Number Daily Deaths Total Deaths Daily Change

02/03/2020 0 1 1
03/03/2020 1 0 1 0.000

04/03/2020 2 1 2 1.000

05/03/2020 3 2 4 1.000
06/03/2020 4 2 6 0.500

07/03/2020 5 0 6 0.000

08/03/2020 6 2 8 0.333
09/03/2020 7 5 13 0.625

10/03/2020 8 3 16 0.231
11/03/2020 9 7 23 0.438

12/03/2020 10 11 34 0.478

13/03/2020 11 16 50 0.471
14/03/2020 12 19 69 0.380

15/03/2020 13 30 99 0.435

16/03/2020 14 47 146 0.475
17/03/2020 15 54 200 0.370

18/03/2020 16 67 267 0.335

19/03/2020 17 74 341 0.277
20/03/2020 18 110 451 0.323

21/03/2020 19 132 583 0.293

22/03/2020 20 175 758 0.300
23/03/2020 21 196 954 0.259

24/03/2020 22 246 1200 0.258

25/03/2020 23 308 1508 0.257
26/03/2020 24 384 1892 0.255

27/03/2020 25 430 2322 0.227

28/03/2020 26 470 2792 0.202
29/03/2020 27 553 3345 0.198

30/03/2020 28 647 3992 0.193

31/03/2020 29 763 4755 0.191

Figure 3 Chart of daily change of reported deaths with linear regression.
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Table 2 COVID-19 Mortality: Asymmetric Model Parameters and Forecasts Based on JHU Worldometer Reported Data and Office for National Statistics for England and Wales

Country First 
Reported 

Death

Days to Peak 
Deaths

Growth Phase Decline 
Phase

Computed 
Peak Date

Actual 
Peak Date

Error in Peak 
Forecast (Days)

Model 
Deaths

Recorded 
Deaths

Forecast 
Deaths Error

δy/δx = 
Slope m

y=0 
Intercept 

= b

δy/δx =  
Slope md

Poland 12/03/2020 51.3 −0.0092 0.4730 0.0047 02/05/2020 26/04/2020 6 1490 1444 3%

Denmark 14/03/2020 28.8 −0.0188 0.5401 −0.0371 12/04/2020 04/04/2020 8 580 605 −4%

Netherlands 05/03/2020 36.6 −0.0142 0.5208 0.0072 10/04/2020 04/04/2020 7 6510 6189 5%
England and 
Wales

02/03/2020 41.5 −0.0139 0.5759 0.0070 12/04/2020 10/04/2020 3 45,450 50,699 −10%

France 15/02/2020 53.1 −0.0171 0.9091 0.0087 09/04/2020 04/04/2020 4 34,280 29,836 15%
Spain 03/03/2020 27.8 −0.0348 0.9688 0.0176 30/03/2020 30/03/2020 1 24,520 29,385 −17%

Belgium 11/03/2020 37.7 −0.0172 0.6469 0.0087 17/04/2020 13/04/2020 5 11,810 9747 21%

Austria 12/03/2020 26.9 −0.0103 0.2782 0.0042 07/04/2020 31/03/2020 8 560 718 −22%
UK 03/03/2020 40.1 −0.0125 0.5008 0.0063 12/04/2020 13/04/2020 −1 42,799 55,904 −24%

Sweden 10/03/2020 38.7 −0.0110 0.3939 0.0056 17/04/2020 13/04/2020 5 3820 5475 −30%

Italy 20/02/2020 37.5 −0.0200 0.7498 0.0101 10/04/2020 29/03/2020 13 22,020 34,980 −37%
Turkey 17/03/2020 26.4 −0.0145 0.3817 0.0073 12/04/2020 19/04/2020 −7 3540 6143 −42%

USA 31/2/2020 42.4 −0.0174 0.7371 0.0088 12/04/2020 14/04/2020 −2 44,540 124,734 −64%

Canada 09/03/2020 34.4 −0.0905 3.1118 0.0052 13/04/2020 03/05/2020 −21 1870 8591 −78%

Mean 05/03/2020 37.9 2 −20%
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The total deaths to day X is:

where Nf is the total deaths up to the start of the forecast.
The total deaths to the peak date is:

For the symmetrical model, the total deaths are twice the number of deaths to peak date:

A chart of the symmetric difference model with ONS data is shown in Figure 4. This shows the original data for the 1st to 
the 50th death, the data for the next 20 days used for the model, and the forecast. It predicts the peak date a few days 
earlier than the actual date and does not describe accurately the slow decline in cases. The cause of the slow decline was 
not known and so a search for historical data for the trajectories of infection was conducted. The results are shown and 
discussed in the next section.

The Asymmetrical Difference Model
The ONS published comprehensive data for excess winter deaths attributed to ILI for the years 1999 to 2014.8 A graph of 
these data is shown in Figure 5.

Analysis was carried out on these data and charts were created for each year. These are consolidated in Figure 6. The 
period for growth of deaths from the beginning to the peak and from the peak to the end of the outbreak were estimated 
from the data and the ratio between time to decline versus time to “peak” calculated; the results shown in Table 3. The 

Figure 4 Model input data for 20 days after 50th death and output compared to actual data.
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data for some years demonstrated two or more peaks. It was assumed that this represented multiple outbreaks with 
different cold or flu viruses. In order to model a single viral infection, the years where there was a single peak were used 
to create an average rate of decline.

The symmetrical difference model was modified to describe the slow decline by adding a term to the equation using 
a separated linear equation for declining daily difference in deaths. A chart based on the ONS model input data and the 
linear slope depicted in Table 3 (k = 1.98) is shown in Figure 7.

From Figure 7, the model for declining cases is given by:

Figure 6 Details of weekly ILI excess deaths with estimates for the number of days to the peak and for the decline to normal levels. X axis data is Week number after outbreak.

Figure 5 A chart created from ONS data for Influenza like illness (ILI) for the years 1999–2014 showing the trajectory of excess deaths.
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where md is the slope of the declining linear function; b is the intercept when x = xmax; and xp is the day number at which 
peak infections occur, ie

in which k is the time dilation for declining infections.

Table 3 Ratio of the Growth and Decline Phases of Influenza 
Like Illness Outbreaks

Excess Deaths (Influenza Like Illness) 1999–2015

Length of Decline Compared to Growth

Winter All Years Single Peak Years

1999–2000 1.27 1.27

2000–2001 3.33 –
2001–2002 2.75 –

2002–2003 3.4 –

2003–2004 0.85 –
2004–2005 2.4 –

2005–2006 2.22 –

2007–2008 2 –
2008–2009 1.83 1.83

2009–2010 1.84 1.84

2010–2011 2.3 2.3
2011–2012 3.67 –

2012–2013 3 –

2013–2014 1.67 –
2014–2015 2.64 2.64

Average k 2.34 1.98

Figure 7 Diagram of parameters for the asymmetric model.
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Hence,

It follows that,

where n is the number of deaths and x is the day number.
Therefore,

Total mortality can then be calculated from:

where Nf = total deaths up to the end of the forecast and xmax is the ending date of the forecast.

Figure 8 A comparison of cumulative, daily and daily change in mortality for three models.
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A comparison of the trends for cumulative events, daily events and the day-to-day difference rate for the Gompertz 
model, the symmetric difference model and the final asymmetric model are shown in Figure 8.

The asymmetric model was used with the Johns Hopkins University (Worldometer) data for the deaths reported in the 
30 days after the first death shown in Table 1. The forecast for cumulative deaths is shown in Figure 9. The forecast 
shown in blue on the chart is based on the recorded data shown in the 20-day period after the 50th death shown in green. 
The forecast for total COVID-19 deaths is 45,610 compared to 50,699 recorded on 30th June 2020.

The forecast and actual data for daily deaths are shown in Figure 10, from which the forecast tracks the recorded 
trajectory closely.

Asymmetric Model Forecasts for Death Rates for Other Countries
Input data for the UK and other countries were obtained from the Johns Hopkins University Worldometer (JHU) 
website.9 This database consolidated inputs from various countries around the word with daily updates that included 
new cases, new deaths and additional data computed for cases/deaths per million population, etc. Table 3 shows the 
model parameters and outputs for a number of countries along with the error of the forecasts compared to JHU reported 
data up to 30 June 2020.

The accuracy of the model is dependent on the identification of the peak for daily deaths prior to its occurrence. The 
smallest error in calculating the peak data is one day in the case of Spain. For 11 of the 14 countries the error was 7 days or less.

The mortality rates predicted by the model compared with reported data are quite accurate with errors ranging from 
+3% for Poland and with errors less than ± 25% for 9 of the 14 countries. For all countries, the mean error was and 
underestimation of 20%. Twelve of the 14 estimates have errors less than 50%. The largest error, (for Canada), was 
−83%, and an underestimation for the USA of −64%. The cause of these excess deaths could not be deduced from the 
model or input data but may be identified at a future time. The JHU database generated an error in the forecast for the UK 

Figure 9 Comparison of model and total deaths reported on 30 June 2020.
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of −24% which is significantly different from the error for England and Wales based on the ONS report of −10%. A study 
by Oxford University identified an issue with the Public Health England (PHE) data where deaths from any cause were 
listed as COVID-19 deaths if the person had a positive test at any time prior to the death. In contrast, the ONS data were 
compiled from cases where COVID-19 was listed on the death certificate.10 As with Canada, the USA and some other 
countries, there is significant under estimation of recorded deaths. The cause of these differences cannot be identified.

Limitations of the Model
The forecasts are dependent on the input data, and there is published evidence that the methods and definitions adopted 
by some countries resulted in incorrect counts for both deaths and cases. Evidence for this is shown by the forecasts for 
England and Wales using death certificate records and those for the UK where other and varying methodologies were 
adopted.

The fundamental goals of the model were to give estimates of deaths based on the limited data available during the 
early stages of infections, to allow rapid determination of the risks and allow optimum governmental and health service 
responses. The threshold of 50 deaths was selected since the daily change was stable for most countries studied from that 
point onwards. In some countries, the death rates were so low that the change in daily cases never stabilised, resulting in 
the linear growth parameter being near zero or positive growth. An example of a country for which the algorithm failed 
to generate data is Japan. Although this would appear to be a serious weakness of the model, in fact it demonstrates that 
when the model fails there are very low levels of deaths during the early phase and during the outbreak.

It was not possible to generate estimates for SARS-CoV-2 mortality for many countries during the period of this 
study. These generally were countries in the southern hemisphere. This was since the outbreaks were occurring later than 
in the northern hemisphere, (in the summer months) and the majority of cases and deaths occurred later than the cut-off 
date used for this study (30th June 2020).

Figure 10 Comparison of model to actual daily deaths reported on 30 June 2020.
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Conclusions
Using the “asymmetric difference model” to forecast deaths gives accurate estimates, with a mean error of −20% for 14 
countries studied. The lowest error rates were +3% for Poland, −4% for Denmark and +5% for the Netherlands, and the 
errors for twelve countries were less than 50%. The error was −24% for the UK. However, the model generated an error 
of −10% for England and Wales, which represents 89% of the UK population. The database used for the England and 
Wales model was compiled and published by the ONS using death certificate records. In contrast, the data for the UK 
were published by JHU from information supplied by the UK. This included the data for England provided by PHE 
which were found to include deaths from causes other than COVID-19. In all countries, the model accurately predicted 
very low levels of COVID-19 deaths compared with country populations. The model gives these results with very limited 
data, typically published during the first 30–40 days of an outbreak of disease and should provide accurate forecasts to 
allow optimum planning by health services and government agencies.
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